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BETA AND GAMMA FUNCTIONS
Beta Function

|
The definite integral J x"(1=x)""dv. m >0, n >0 is defined as the beta function and it is denoted

by B(m, n). 0
1
Bim.n)= Jx”"t(l —x)"dx.m>0.n>0
]

m, n are called the parameters of beta function.
This integral is also known as the first Eulerian integral.

Symmetric Property of Beta Function

Bim, ny=B(n.m)
The beta function is symmetric with respect to its parameters.

Proof

!
We have B(m.n)= Jxm—J{] _y },Q_Ja,x

0
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Putx=1—-yin(l), then | —x =y and dxv = —dy
Whenx=0,y=1and whenx=1,y=10

Blm.my=[ 1=y )"y " (~dy)
1

0 1
=~y =)y = [y A=y )" dy = B(n.m)
1 0

Different Forms of Beta Function

(1) Beta Function is an Improper Integral

= me—l1

That 1s B{'_m.n}zjx—mdx
n (1+x0)

Proof
1
By definition, Bim,n)= J x" N =x )" dx
0
Putx=—2— .- a’:{=lﬂ_kyj.1_2'};.Edjr‘=—E Ty
I+ (I+y) (I+1)°
¥ X
Nowx=—"— = (l+ypx=y = X+txy=y = ypa-l=-x = y=
I+y l—x

Whenx=0.y=0and whenx=1.y=eco

Beta and Gamma functions Dr.B.Krishnaveni Thursday, May 27, 2021



Aditya Engineering College (A)

® -1 n-1
y dy
w5 5
J; I+y ) (I+y)?
®  m- ]+ 0 m-1
= J. g }im{)l»),z 2 J ﬁdy
o (1+y) o (1+Y)
B(m’n) m+a
{(l X)
This integral is an improper integral of the first kind.
(2) Beta Function Interms of Trignometric Function
w/2
B(m, n)=2 [ sin*' @cos™' 040
0
Proof \
By definition B(m, n) =[x (1-x)""dx
0
Put x=sin’@ .. dx =2sinBcos B4
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Put x=sin"0 .. dx=2sinBcos 0d0

Whenx=0,0=0andwhenx=l,0=%

/2

B(m.n)= [ (sin® @)"~'(1—sin” 8)""'2sin B cos 040
0

w/2

=2 J sin?” 2 @ cos? 2 @sin B cos 040
0

w2

= B(m. n)=2 [ sin®~ @cos>~' 040
0

Note In some practical problems we come across definite integrals involving trignometric functions
which can be evaluated interms of beta functions.

w/2

We have B(m,n)=2 J- sin?”""!' @cos?"! 640
0
/2 1
= I sin?”! @ cos?" ' 040 = EB(m, n)
0
+1
If p=2m-—1 = 2m = p+1 = m=pT
+1
and g=2n-1 = 2n=q+1 = n=—q2
i 1 +1 g+1
J sin” @ cos? 840 = —B(p—, _q—)
0 2 2 2
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o QL , ™) = 3
T8y, D=
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THE GAMMA FUNCTION

The integral Je"‘x"'ldx (n>0) is defined as the gamma function with parameter n and it is denoted
0

by I'n.

o0

In= je-*x"-'dx, (n>0)

This integral is also known as Euler’s integral of the second kind.

Properties of Gamma Function

(1) Prove that T'l =1.
Proof

By definition, Tl=[e™x"dx = [e~dy = le ] =[0-1]=1
0

0 0
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(2) Prove that I'(n + 1) =nln
Proof

By definition Tn=|e”x"'dx

S t—3

00

T(n+1)= [e~x""dy

0

= Je"‘x"dx
0

_]0

[(n+1)=nln

= [x" i]w —Tnx"" idx = nTe“x""dx =nln
0 -1 0

This is true for all positive values of n.
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(3) If nis an Integer = 1, then I'n = (n —1)! Aditya Engineering College (A)

We have I'(n+1)=nln
I'n=(n-DHI'(n—-1)
=(n—-)(n-2)I'(n-2)
=(n—-1)(n-2)...3-2-1-T"1
— Tn=(n-1)n-2)...3-2:-1=(n-1)!

(4) Prove that I"(%) = Jq—r

Proof
E 1 _m —x _1/2-1 __w —x . —1/2
By definition, I z —je X Ie X0
0 o
Put x =)? s dx =2ydy

Whenx =0, y=0and whenx =oo, y

3

Now F(

Nl--

) Te o y"-2ydy =2Te"2dy
o 0
)=2 e”dy and I"( ) 2_[ =

*(3)r(3)

= [1"(%)] = 4_[je"’2+’z)dxdy [since the limits are constants]
00

Ot §

N | =

ZTe“"zd.x . ZTe"’zdy
0

0
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Put x=rcos® and y=rsin®

and dxdy = rdrd® [~ Jacobian value = r]
When x, y varies from 0 to ==, r varies from 0 to = and 0 varies from 0 to 12'.

- Tjerem~{ T

0 o

= qoﬂmfe"’rdr= 4-1;-]e"'rdr = Zije"zrdr

o 0 0
Let 2 = du
t u s 2rdr=du = rdr= 7

When r=0,u=0and when r =co, y = oo

[I’(%)]z = Zﬂje"‘ % = 'n']:e"'du

0 o

=a[§[ =—mle™ —e°]=—ﬂ(0—l) =77

r{/2)=v=
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Relation between Beta and Gamma Functions

Prove that B(m, n) = M, m>0,n>0

I'(m+n)

Proof

By definition, T'm = Ie"t""ldt
0

Let t=x* . dt=2xdx

When#=0,x=0and whenf=oc0, x =00

I'm = _[e"‘zxz""z 2xdx = ZJe"‘zxz""dx (1)
0

0

Similarly, I'n= 2J'e"’ ’ y2ldy (2)
0
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o0 [

S (D)X (2)= Tm-Tn=2[e* x> "dx -2je"2y2"“dy
0 0

= ITm-Thn=4 ”Ie—(x2+y2)x2m—ly2n—ldx dy (3)
00

[since the limits are constants]
Changing to polar coordinates by putting

x=rcos®, y=rsin@

we get PP=x*+y?, tan@=2 and dxdy =rdrd®
x

When x, y varies from O to ce, 7 varies from 0 to co and 0 varies from 0 to -;i

~. (3) becomes

w/2 oo

ITm-Tn=4 j je-" (r cos 8)*™ ' (rsin )" rdrd®
00

w2 e

=4 j _[e"z pm*n-2 gin?*-l @ cos* ! Ordrd0
00

w2 o0

=4 .[ sin?*~! @ cos®™! OdO-Ie"zrz"’*z""dr
0 0
= 28(”, m)_Ie—r2r2m+2n—ldr
0
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Let I= J‘e"2 pm+2n=l gy
0
Putt=7r dt = 2rdr ::bdr-g—t—;tz
;

Whenr=0,t=0and whenr=oo, f = 00

- ]“’e_‘ (tl/2)2m+2n—l i — %Te4tm+n—l/2 _t—l/2dt
0

%I g —r(m +n)
(N = l“m-l“n=28(n,m)-w
= I'm-T'n=B(m, n)I'(m+n)
I'm-T'n
B(m,n)= Ton+m
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[by definition]

B(m, n) = B(n, m)]
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* Find the values of
1. T(712)  2.T(-3/2)

Sol: 1)F(7/2) _ 5/2F(5/2) ( F(n -|—1) = nF(n))

—5/2x3/20(3/2)
—5/2x3/2x1/20(1/2)

:%J;
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o - ['(n+1
2 rarp =1 33’ /22”) (- T(n+1) =nr(n)) = [(n) = (n )\
T(-1/2+1)
~3/2x-1/2
4 4 I
= — ==\
T2) =5
SimiIarIy

(-1/2)=-2Jr
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Beta Function

Definition

The definite integral .[Xm T @ —=>X)"dX s called beta function
and is denoted by B(m,n)
l.e.,

B(m,n) = j' X" (A — x)" T dx

where m>0, n>0
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?}? u ‘ q |
N mhle A, Gamma Function

Definition
The definite integral _fe_xX”_ldXis called Gamma function
and is denoted bi)/ I'(n)

l.e.,
I'(n) = Ie_xx”_ldx where n>0
O
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Note:( Read the proofs)

1. B(m,n) =B(n,m)

/2

2. B(M,n) =2 J'sin *m—t @cos*"ted e

(@)
/12
J'sin P & cos Qdé?le(p+1, q-+1
2 2 2 2

4. B(m,Nn) =

-c[ (1+ sy O%

5. T'() =1

6. T(N)=(M—-DDI'(nh—1)

5/27/2021 Dr. B. Krishnaveni
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7. I'(Nn) = (n —1)I¥nis anon negative integer
8. I'(1/2)=~/rx

9. Relation between Beta and Gamma functions:

I'(m)I'(n)
I'(m+n)

10. TnC(1-n)=—2=
SIN Nz

B(m,n) =

5/27/2021 Dr. B. Krishnaveni
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1
Find the value of Jx’(l —x)dx.
0

Solution.
1
We know B(m,n)= Ix’"" (1=-x)""dx
0
: : : L6
Now [x7(1=x)*dx = [x*'(1-x)"dx = B(8,7) = rell e
0 A r'e+7) 14!
1
Evaluate Jx"(l —x) dx.
0
Solution. :
We know B(m,n)=Jx"‘ =x)""ax
0
: ‘ r12.16 115!
N L —eYdx = [x2 1 =) dx =B(12, 6)= s
o !x =) {x (=) 1% 0= Fiz+16) - 27
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1
Evaluate J' X _ dx
0 \/(1— X>)
Sol: Given,
1 X 1
j —dx = jx(l— x>) 2 dx
0 \/(1_ X>) 0
5 1/5 1 —4/5
Put t=X"—= X=1t — dXx = —t dt

Limits: If x=0 then t=0,
x=1 then t=1

- X L f L 5N—1/2
'c‘:\/(l—xf’) dx—'([x(l X)) dx
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1 X 1
d 1_ 5 —1/2d
.!:\/(1_)(5 X .([x( X)) X

0 1
_ J’t1/5(1_t)—1/2 —t+4/5dt
5 5
1 1
_ gJ‘t—:s/s(l_t)—l/z dt
0

1

—1 ——1
(L—t)2 dt

alN

11
:g'c[t
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1 2 1
— B, =
5 (5 2)

1 1T°(2/5)1(1/2)

5 2 1
F(5 i 2)
1 V/2zI'(2/75)

5 T1T(9/10)
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Sol: Given,

3 dx 3 1 ¢
| —dx = [(9—x*)V?dx == [ @ —x*/9) V?dx
o /(9 — x?) : 33

X 1/2 3. 1/2

Limits: If x=0 then t=0,
x=3 then t=1
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Wy A
_J/\JDII"II‘_JA a

1
H _ 4 2 —1/2
encej \/(9 3J.(l x2/9)*2dx

— X )
1 ¢ 3

_ = 1—_t) 2 2¢22d¢t
zla-u7" 3

1 1
:Ejt—l’z(l—t)—l’zdt
0
1 1 1
— 2 [t a-n? dt
2 (0)
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1 1 1
— —B(=,=
2 (2 2)

_ 1 1r@/2)yra/2)

2 i
(2-2)
1 1
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2

Sol: Given, 4.?“ X dx
5 1+

X4

o0 m—1

We have, B(m,nNn) = X dx
_g (1_|_ X)m—|—n

Put t= X% = x=t'* — dx = %t—?”“dt

Limits: If x=0 then t=0,
X= oothen t= oo
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-’J\@Jﬁ%g/\/\
Hence, »4 J‘

5/27/2021

2

1+ x*

Aditya Engineering College(A)

0 2/4
dX:4 t 1t—3/4dt
1+t 4
]Et—1/4
— dt (M1
1+t [--B(m,n) = __
’ 'c‘:(l—l— X)
=B(§ 1) here m— =_—1:>ng
4 4 2
3 1
_r@/aHra@arsa m+n=1=n 1_Z:Z]
o 3 1
I( | )

4 4

Dr. B. Krishnaveni
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rEOTAE— 0
(D

JT
sin .z /4

o 7T
1/~/2
— /27T
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. _ -\ N
=0, 9—‘5@’“3%‘—‘—-\:-@00“0'
Y _SD OO = l::ofno'b——'-—ﬂq/_
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. \
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~ 8h | = = \G_/K._—-
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VA )
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w/2
Evaluate j sin®*0cos’ 040.

0

Solution.
We know
w2
1 +1 g+1
J sin” @ cos? 040 = —B(‘D—, q_)
5 2 2 2
w2
Jsin80c057 we:%a(%,%) [p=8,q=T]

0

9 9
o ! 23l
F( )X3. 123F(2) 16 16

1"\2
2 r(ﬂ) 2-9-52-21“@) 15-13-11-3 6435
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/2

Evaluate J sin® 040.

0

Solution.
We know that
/2
Jsm"()cos"()d()——B(p‘H q+l)
% 2 2
w/2 /2
1 _(5+1 0+1
IO, 0
sin’ 040 = | sin’ Ocos’ 040 = —B| —, — =35.q=10
{ l 2B( ¥y ) [p=5,9=0]

o) )

1

3,_ = —o - =

2 F(6+1) 2 r(l) E.E_lp(l) 15
2 2 222 \3
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/2

Evaluate J cos® 040.

0
Solution.

bl

w2
We know that _[ sin” B cos? 040 = %B(p—ﬂ q_+l)
0

2 2
/2 w/2
_[ cos® 040 = J sin” Bcos’ 0470 [p=0,q=28]
0 0

| 0+1 8+1 1 1 9
-5"(—2 &5 )"5“(5’5)

' g TR
2)22 22 \3) 1753w 357 _35m

1
2 s T 1234 2 256
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n/2

Evaluate J tan 0 40.

0

Solution.
We know that
w/2
J sin” Bcos? 040 =
0
u/2
Now, J ,/tan do =

i

1
2

Aditya Engineering College (A)

p+1 q+l)
#55

J. sin'20-cos™2 0d0

i [ rebo]
-3
FG’) F(ZIIL 1
r(3+ 1) 2

NI-—

Nl—-

(33 s

Beta and Gamma functions
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w2
1
Evaluate de.
0 »\’tan 0

Solution.
We know that

w/2

+1 g+1
J sin” @ cos? 040 = —B(p q )
5 2 2
wl2 1 w2
j de = j sin™"? @ cos"? 040
o tan @
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w2 w2

Evaluate [tan © 40 I de.
J tan X ! \/tm

0

Solution.
From Examples 6 and 7, we have

w/2 w/2 1 _l (l) (3)
!./tanedﬂx l mde_ir y I¢ )X

(-3 G

4
2

/2 w/2 l

Show that J /sin 0 do x '[ d0 = .
- 0 ,/sin 0

Solution.
We know that

w2

1
[ sin” 8cos” 040 = —p
) 2

w2 w/2

j Jsin 6 d6 = j sin'’2 @ cos” 040 = %B
0 0
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) o)
T )

(

2o ni2 1 —%+ 1 |
and d9= | sin™?Bcos’ 0460 =—p =
J; ,/sin 0 { 2°n 2 2

Lt

ﬂf\/m d0 Tﬁ d0=2 r(%)(lr)(;)%r(?(;)(;) = r(%] X r(%) —JaxJm=m=
4 4
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T gy R~ ” a4
Prove that Je x""'dx = —, where a and n are positive.
0

a’
Solution.
We know I'n= Ie"‘x"‘ldx. Llet = Ie‘“"x"“dx
0 0
Put 7= ax dt=adx=>dx=£
a

Whenx=0,f=0and whenx =0, f =00
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1 n—1
Show that I'n = J(log ) dy,n>0.
0
Solution.
We have I“n=J e*x"dx, n>0
0
o 1 1 1 1 1

Put y=e' Sael=—u= x=log— dx=—(——)d =_—d

y y [y 34 y Y

Whenx=0,y=1and whenx =00,y =0

0 l n-1 ] 0 1 n-| 1 l n-1
I'n =Jy (Iog —) (—-——dy) =—J[log —) dy =J(log ——) dy
1 y y 1 P 0 b
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1 1
Fx dx T
Prove thatI XJ = 3
0 l—x" 0 l+x‘ 4\/5
Solution.
1 2 1
x “dx dx
Let I — —X T Lt
i[ 1—x* '([\/l+x4
1 2 1
d
Let I, =I R =Ix —x*) 2dx
oV]l—x 0

1 : r(p+1)1"('"—+1)
Property (4) is fx"' (1=-x")ydx =— .

0 | " I‘(p+l+—m+l)
n
1 )3 1
I, =jx (1-x%) 2dx—z ] 511 [Herem =2, n=4, p=——]
0 r(——+1+—) 2
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& : o\/1+x4

2
Put x> =tan® .. 2xdx =sec’0d0® = dx= sec” 040

2Jtan @

Whenx=0,0=0andwhenx=l,0=%

I _'f sec’ 0dO ___l_'J- sec’ 040

% \/1+tan20(2 tan 0 ) 2% sin 0

cos 0
_ l'J‘ e \/5']-4 de
2% Jsm Ocos O 2 4 4/sin 20
d

Let 20 = b, . 2d0=ddb = dO= (b

2
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d
Let  20=d, . 2d0=ddb = do= ;’

When 0=0, b= Oandwhene—% ¢-_-%

-\é—— ism "¢ a4 {ﬂf n"" pdd

% ( 1/2+1,0;1) [?pbl,q:O]
o(i3)

@) sl = 6)
(4 2) 8 r(

I=le12=j i xj B ol
0

o\“—x4

°°|§|*=|$\

wa
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00 _
1) Evaluate [~ x°e™**dx

Sol: Given that fooox6e"2xdx

Put 2x =y
dx =
2
Limits:

When x=0 then y=0
Xx= 00 then y= o0

_ Ly dy
6 p—2X g f y 6
fxe X e (2) 5
0 0
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=— [ e Vy°dy Here n-1=6
n=6+1=7

128

6! 45

128
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2) Evaluate fooo x*e™*" dx

Sol: Given that fooo x*e ™" dx

Putx? =y
2xdx = dy
_ 4y _ 4y
ax = 2x 2y
Limits:

When x=0 then y=0
x= 0o then y= o0

o= X2 gy — f e~V (y1/2)4
Of [ o

5/27/2021 Dr. B. Krishnaveni
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= 1f000 e Yy3/2dy Here n-1=3/2

T2
n=3/2+1=5/2
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3) Evaluate fooo x337%dx

Sol: Given that fooox3 37%dx

—x log3 = —y
dx = =
log 3
Limits:
When x=0 then y=0
x= oo then y= 00
3 3 Xdx = j —Yd
j * * log3 ) (log3)3 ¢ Tay
0 0
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00)

f e Yy* dy
0

1
(log3)*

_ 1
(log3)*

3!
~ (log3)*

6
~ (log3)*
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2) Evaluate fol x3(log i)zdx

Sol: Given that fol x3(log i)zdx

1
Put Iog; =y
x =e Y
dx = —e ™ dy
Limits:
When x=0 then y=00
x=1then y=0
1 0
1
fxg’(log;)zdx = — je‘3y y2e Ydy
5/27/2021 0 e
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=f e Vyidy
0
Putdy =t
dy =<
4
Limits:
When Y=0 then t=0
y= oo then t= o0
t _dt
2 —4yd — —tr _\2___
fy e dy fe (7)°7
0 0
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_ 1 (o —t.2 1=
=—J, e ‘tidy Here n-1=2
. n=2+1=3
1
—t;3-1
= — t> d
4J Y
0
i (6))
64
" 64 32
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5) Evaluate fooo a %" dx

sol: Given that fooo a~b%* dx

Limits:
When x=0 then y=0 and x= oo then y=00

a ¥ dx = f eV d
OJ X Jbloga 2./y Y

5/27/2021 Beta and gamma functions

Dr. B. Krishnaveni



Aditya Engineering College(A)

~1/2dy Here n-1=-1/2

1 0
— —Y
2,/blogaf0 ¢y
n=-1/2+1=1/2

0.0)

ey y
2\/b loga :

_ 1 I2)
2./ bloga

_Wm
2,/bloga
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Evaluatethe followingin terms of Beta and Gamma functions

1. Evaluate fooo x“e %% dx

2. Evaluate fol x3(logx)?dx
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